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ON A MEASURE IN WIENER SPACE AND APPLICATIONS

K. S. RYU AND M. K. IM

ABSTRACT. In this article, we consider a measure in Wiener space, induced
by the sum of measures associated with an uncountable set of positive real
numbers, and investigate the basic properties of this measure. We apply this
measure to the various theories related to Wiener space. In particular, we can
obtain a partial answer to Johnson and Skoug’s open problems, raised in their
1979 paper. Moreover, we can improve and clarify some theories related to
Wiener space.

1. INTRODUCTION

In 1923, Wiener showed that one can define a reasonable measure on the space
Cola, b] of real-valued continuous functions on a closed interval [a, b] that vanish at
a, the so-called Wiener space [14]. Since then, the theory of this measure has been
investigated extensively and applied to various subjects by many mathematicians
and mathematical physicists. So, the various theories related to Wiener space have
been widely and deeply developed, and many papers and books related to this space
have been published. But in the process of studying Wiener space, one frequently
encounters the translation problem, which is one of the difficult problems in the
theory of Wiener space. In 1979, Johnson and Skoug raised some open problems
concerning translation in Wiener space [8] pp. 164-165].

In this article, we will introduce a measure 7 in Wiener space, induced by the
sum of measures associated with an uncountable set of positive real numbers, and
investigate the basic properties of this measure. Using the concept of 7, we will
obtain a partial answer to Johnson and Skoug’s open problems, raised in their 1979
paper. Furthermore, we can improve and clarify some theories related to Wiener
space, for example, the relation between the Lebesgue integral and the Wiener
integral, the converse measurability theorem and the theory of the Fourier-Feynman
transform.

This article consists of five sections. In the first section, we will introduce some
notation, definitions and basic facts which are needed to understand the contents
of the next sections. In the second section, we will define a new measure 7 in
Wiener space and investigate its basic properties. In the third section, we will treat
the translation problems for T-measurable sets. Indeed, we will show that if NV is
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7-null, then N + y is 7-null for 7-a.e. y. In the fourth section, we will improve and
clarify the converse measurability theorem and the Wiener integration formulas. In
the last section, we will apply 7-measurability to the theory of Fourier-Feynman
transforms, and improve the results in [4], [9].

2. PRELIMINARIES

The real number system will be denoted by R. For a natural number n, let R™
denote the set of ordered n-tuples of real numbers, and let mj denote Lebesgue
measure on R™. Let C, be the set of all complex numbers z with Re z > 0.

For two real numbers a and b with a < b, let Cyla, b] denote Wiener space, that
is, the space of all real-valued continuous functions on the closed interval [a, b] that

vanish at a. Given z in Cyla,b], we define the supremum norm || - || given by
| z || = sup |x(t)]. Let B denote the set of all Borel subsets of Cyla,b] with
tela,b

respect to the supremum norm topology and let m; denote Wiener measure on
B. For a positive real number A, let m) be the Borel measure on B given by
ma(B) = m1(A"!B) for B in B. For a positive real number X, let (Co[a, b], By, M)
be the completion of (Cyla,b], B,my). A subset E of Cyla,b] is said to be scale-
invariant measurable provided E belongs to B for all positive real numbers \. Let
S be the set of all scale-invariant measurable subsets. A scale-invariant measurable
set N is said to be scale-invariant null provided mx(N) = 0 for all positive real
numbers A; let N be the set of all scale-invariant null subsets. A property which
holds for all x in Cy|a, b] except for a scale-invariant null subset is said to hold scale-
invariant almost everywhere (briefly, s-a.e.). For more detail about scale-invariant
measurability and scale change in Wiener space, see [, pp. 67-78]. If two functions
F and G on Cyla, b] are equal s-a.e., we write F ~ G.

Given a natural number n, let 0, be the partition a = tg < t; < to < --- <
ton < b where ty = 2ﬁ(b —a)+afork=0,1,2,---,2" Given z in Cyla,b], let

on

So, () = Y _(a(tr) — z(tr-1))*.

k=1

For a nonnegative real number \, let C) = {z in Cy[a,b] | the limit liIJIrl Se, ()
exists and equals A\*(b — a)} and D = {z in Cy[a,b] | the limit lir_irrl S, (x) does
n—-—+0oo

not exist}. Note that A\C), = C), for all positive real numbers A and x, and D and
the Cx (X > 0) are all Borel subsets of Cy[a, b]. Moreover, we know that Cyla, b] is
the disjoint union of the family {Cy | A > 0} and D, mx(Cy) = 1 for any positive
real number A, and my(C,,) = 0 for any distinct positive real numbers A and p [7],
3.

In [7] and [§] we can find the following theorem.

Theorem 2.1. Let A\ and p be positive real numbers and let E be in E\/m,

Then E +y and E —y are in By for my-a.e. y, and my(E +y) and mx(E —y) are
m,,-measurable functions of y. Similarly, E+x and E —x are in B,, for Mmy-a.e. z,
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and M, (E + ) and m,(E — x) are My-measurable functions of x. Furthermore,

/‘ mx(E +y) dmy(y)
Co[a,b]

— / s (E — y) dima(y)
Cola,b]
i x 7, ({(@,9) | @ +y is in E})

™ /o (E)

m,(E + ) dmy(x)
Co[a,b]

(2.1) - /Co[a’b] i, (B — x) dimiy(z).

Given a number p such that 1 < p < +o0, p and p’ will always be related by
Lt =1
Let F' be a functional on Cy[a, b] such that the integral

(2.2) J(\) = /C . F(A\"2z) dmy ()

exists for almost all positive real X. If there exists an analytic function J*(X) in C4
such that J(X) = J*(A) for almost all positive real A, then we define this essential
analytic extension J* of J to be the analytic Wiener integral of F' over Cy|a, b] with
parameter A\, and we write

(2.3) /C PG dm) = )

for A in C4. For A in C; and for y in Cyla, b], let

anw

(2.4) TA(F))(y) = / F(z +y) dm (2).

Co[a,b]

We finish this section by stating a lemma and then using this lemma to prove a
theorem. The following lemma follows from [6 Exercise (19.70), p. 339].

Lemma 2.2. Let I be an uncountable set. Let (Q, M) be a measurable space and
let {ux | A is in I} be a collection of nonnegative measures on (2, M). For B in

M, let
(2.5) u(B) = sup Y pa(B)
A xea

where A ranges over all finite subsets of I. Then p is a measure on (2, M).

Theorem 2.3. Under the assumptions of Lemma 2.2, if f : Q — R is nonnegative,
bounded, and M-measurable, then

(2.6) /Q (@) du(e) = sup /Q f(@) dps(2)

A€EA

where A ranges over all finite subsets of I.
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Proof. For B in M, clearly pu(B) > > ux(B) for any finite subset A of I. So the
A€EA
inequality

(2.7) / f(z) du(z) > sup Z / f(x) dux(z
holds where A ranges over all finite subsets of I. Hence, we must prove that
(2.8) | 1@ duta) < s 3 [ 1@ o

where A ranges over all finite subsets of I. Now, let C' be in M with u(C) finite.
Then there is a sequence (A; ¢) in I such that

(2.9) W(C) = 3 pire(C) and
i=1
(2.10) a(C) = 0 for A#XNc (=1,2,---).

Let K = {)\; ¢ | ¢ is a natural number}. For B in M, we let

(2.11) Wh(B)= S a(B) and
AEK
(2.12) pa(B) = sup Zm\
A€EA

where A ranges over all finite subsets of I\ K. Then by Lemma 2.2, u}, and p2 are
both measures on (2, M) such that p& + p = p, pu&(C) = p(C) and pZ (C) = 0.
Hence, we have

1@ dutw) = [ @ dubte) + [ @) e

(2.13) — [ J(@) dub(o).
C

Since f is bounded measurable, there is an increasing sequence (¢,,) of nonnegative
simple functions on C such that (¢,) converges uniformly to f on C' u}-a.e. Then
we can easily check that

(2.14) | onta) dubie) = 3 [ outa) din o o)

For a natural number n, we let v, = ¢, — ¢,—1 Where g is the zero function.
Also, for two natural numbers i and j, we let

(2.15) 4 = /C b3(2) dpr, o (2).

o0
Let € be any positive real number and let M = sup|f(w)|. Since u(C) = > px, - (C)
weN i=
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is finite, there is a natural number ng such that, for n > ng,

Z :u’)\i,c(c) < mv

i=n+1
and there is a natural number mg such that, for m > my,

€

If (%) — om(z)] < 3O+ 1)

for #10- a.e. . Hence, for n > ng and m > my,

> a - fj /C £(&) dr, o (2)]

i=1 j=1

<[ [ (onle) = ) din o)
+ ’ i /Cf(x) dﬂ)\i,c(x)‘

i=n+1
S 2O 1) ;“Aw(c) ot
(2.16) <e

M

That is, the double series

<iiam> = <g/c<pm(x) dum,c(x)>

i=1j=1

converges absolutely to Y [ f(z) dux, . (x). Thus, we have
i=1

n
tim_ tim Y~ [ (@) dis, o @
=1

m—00 N—00 <

n—oo m-—oo

= lim lim Z/Csﬁm(x) d:ux\ac(x)
=1

(2.17) =3 [ 1@ dus, o).

2209
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Thus, we have

(2.18) © Z/Cf(w) dpix, o (2)-

Step (1) follows from the equality (2.13). Steps (2) and (5) result from the domi-
nated convergence theorem. By the equality (2.14), we obtain step (3). From the
equality (2.17), we have step (4). By the definition of series, we have step (6).

Therefore,
| #@) duta)
Q

= g / f(@) du(e
C)<+oo

= sup /f dpix; o (7)

pu(C)<+oo ;7

< w3 [ s dmcto

/L(C)<+OO i—1

(2.19) < supZ/ f(z) dpx(z

A€A
where A ranges over all finite subsets of I. Hence, the theorem is proved. O
3. THE MEASURE 7 AND ITS BASIC PROPERTIES

In this section, we will introduce a complete measure 7 on the measurable space
(Cola, b], T), and we will investigate its basic properties.

Definition 3.1. For B in B, we let

(3.1) T7(B) = sup ZmA

A€A

where A ranges over all finite subsets of positive real numbers.

From Lemma 2.2, we know that 7 is a Borel measure on Wiener space.
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Remark 3.2. (1) For B in B and for a positive real number A,

(3.2) 7(B) = 7(AB).
(2) For a Borel subset B of Cj,
(3-3) T7(B) = mx(B).

(3) 7 is not o-finite.

(4) If E is a Borel subset of R™ and a = tg < t1 < t2 < -+ < t,, < b, letting
B = {x in Cyla,b] | (x(t1),z(t2), - ,x(tn)) belongs to E}, by the classical Wiener
integration formula [7] Theorem 3.3.5, p. 44|, B is a Borel subset of Cy[a,b] and
7(B) is either zero or infinite.

(5) Let f € Lala,b] and let PWZ(f) = {x in Cyla,b] | the Paley-Wiener-
Zygmund integral f: f(t) dz(t) exists}. Then APWZ(f)¢ is a Borel subset of
Cola,b] and m1(APWZ(f)¢) = 0 for nonnegative real numbers X. So, we have
FPWZ(f)) = 0.

Definition 3.3. Let (Cy[a, b], 7, 7) be the completion of the measure space (Cy|a, b],
B, 7). A property that holds for all z in Cy[a,b] except for a 7-null set is said to
hold 7-almost everywhere (briefly, 7-a.e.). If two functionals F' and G on Cjy|a, b]

— . T
are equal T-a.e., we write F' =~ G.

Remark 3.4. (1) The relation & is an equivalence relation on the class of all 7-
measurable Wiener functionals.

(2) T is not o-finite.

(3) If N is 7-null, then N is in N.
(4) The set T is a subset of S.
(5

) For E in S, let u(E) = sup > ma(E) where A ranges over all finite subsets
A XeA
of positive real numbers. Then by Lemma 2.2, u is a measure on (Cyla, b],S) and

the measure space (Cyla,b],S, 1) is a complete measure space.

Now we will show the relationships between the o-algebras B, 7T, S and B where
A is a positive real number.
The next lemma follows from [3], [7], [8].

Lemma 3.5. For an arbitrary function f : (0,4+00) — [0,1], there is a set E in S
such that f(X) =ma(E) for positive real numbers \.

The following lemma was established in [I3].
Lemma 3.6. For B in B, m)(B) is a Borel measurable function of \.

By Definition 3.3, for F in 7, we can write £ = B U N such that B is in B,
N is 7-null and BN N = (. Then, by Lemma 3.6, mx(E) = my(B) is a Borel
measurable function of A. Hence, we have the following.

Corollary 3.7. For E in T, mx(E) is a Borel measurable function of \.

Theorem 3.8. B ; T g S ; By holds for all positive real numbers .

Proof. From [7] and [8] one can find that B g S ; B, is true for all positive real

numbers A. Since it is trivial that B C 7 C S, it remains to show that B # 7 and
T # 8. Let t be fixed with a < ¢t < b and let P : Cya,b] — R be a function with
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P(z) = z(t). Let N be a Lebesgue null subset of R but not a Borel measurable
subset. Then there is a Borel measurable subset N* of R such that N C N*
and mp(N*) = 0. For any positive real number A, A"'N* is a Borel measurable
subset with mz(A~!N*) = 0. Hence, by the classical Wiener integration formula,
we know that my(P~1(N*)) = mi(A"'P7Y(N*)) = my(P7Y(A7IN*)) = 0; that
is, P7Y(N*) is 7-null. Since P~1(N) c P~} N*), P~}(N) is in 7. But, by the
converse measurability theorem [5], [7], we know that P=(NN) is not in B, which
implies that 7 # B. Now, if K is a non-measurable subset of (0,+00), letting
F = JyexCx, MA(F) is not a measurable function of . So by Corollary 2.7, F' is
not in 7. Trivially, F' is in S, which implies that 7 # S, as desired. (]

Remark 3.9 (The generalized Radon-Nikodym theorem [10], [11]). Let I be an
arbitrary subset of positive real numbers. For B in B, let

(3.4) m1(B) = sup > ma(B)
A€A

where A ranges over all finite subsets of I. Then by Lemma 1.2, 77 is a measure on
(Cola,b], B) and 77 is absolutely continuous with respect to 7. Moreover, for B in
B with 7(B) finite,

(3.5) 71(B) = /BXM(x) dr(z)

where M = U)\eIC’,\ and xps is a characteristic function associated with a set
M. Here, xpr may be not measurable, but for a set B in B with 7(B) finite, the
restriction of xas to B is measurable. Similarly, equation (3.5) also holds with 7
and 77 replaced by 7 and 7y, respectively [I1].

For F in 7 with 7(F) positive, there is a positive real number \g such that
My, (E) is positive. Letting FF = ENCy,, Fisin 7 with FF C F and 0 <
T(F) = ma,(F) < 1; that is, 7 has the finite subset property [11, p. 68]. Let
R={AxB|A,Barein T}. For Ax B in R, we let a(A x B) = 7(A) 7(B). Then
« is countably additive on a semi-algebra R. Since T has the finite subset property,
by [11, Exercise 6, p. 323], there is an unique extension 7 X 7 of a on the smallest
o-algebra 7 ® 7T containing R. Here we will establish the integration formula for
the product measure 7 x 7, which plays a very important role in this article.

Theorem 3.10. Let f : Cyla,b] x Cyla,b] — R be nonnegative T x T-measurable.
Then

/ f(z,y) dr x 7(z,y)
Co[a,b] XCo[(L,b]

(3.6 — supsup / F() ds x i, (z, y)
) A B Z Z Co[a,b]XCo[a,b] .

ANEAnEB
where A and B range over all finite subsets of positive real numbers.
Proof. Trivially, we have 7 x 7(E) > > > Ty x m,(E) for all 7 x T-measurable

A€AueB
subsets E and for any finite subsets A and B of positive real numbers. Hence, we
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have

/ f(a,y) dr x 7(z,y)
Co[a b] XCo[a b]

(3.7) > supsupzz / flz,y) dmy x W, (z,y).

AEAMEB o[a b]XCo(Lb

If

supsupy~ Y- [ Fa,y) diy x T, (2, y) = +oo,
AEA MEB Co[a b]XCo[a b]

then (3.6) clearly holds. Now, we suppose that

supsupZZ/ (x,y) dmy x m,(z,y)

)\EAHGB CoabXCo(Lb

is finite. Letting

— (| f(x,y) dmy x W (2,y) s positive),
Co[a,b]XCO[a,b]

we see that T is countable, say T = {(A\;, 4;) | @ is a natural number}. Let L =
Uiz, Cx, x Cp, and let M = Cola,b] x Cola,b] \ L. Then L and M are all Borel
subsets, and L N M = (). Hence, we have

/ f(a,y) dF x 7(x,y)
Co[a b] XCo[a b]

/fxy d7 x 7(x,y) /fxy A7 x 7(z,y)

(3.8) :Z/C . f(z,y) dmy, x W, (x,y) /fxy d7 x 7(z,y).

If we prove that fM flz,y) d7 x 7(z,y) = 0, then equality (3.6) holds. Let B be a
7 X T-measurable subset of M with 7x 7(B) ﬁnite Then there is a disjoint sequence

(Gy) in R such that B € |J,—; G,, C M and ZTXT(G)<’7_'><7_'(B)+]. Put

G, = E, x F, for each natural number n. Then there is a subsequence (Gp,)
of (Gy) such that 7(E,,) and 7(F),,;) are all finite for all natural numbers ¢ and
7x7(B\U,~; Gn,) = 0. Then for each natural number n;, there are two sequences

(An; ;) and (pn, ;) such that 7(Ey,,) = Em,\ ( Jand T(F,,) = Zmuﬂ ; (Fy,).
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Then
(3.9)

/f@wMﬁXﬂ%w
B

= / flx,y) d7 x 7(z,y)
BN(U2  Eny X Fn,)

+/ f(@,y) d7 x 7z, y)
B\(U$2, By, X Fr,)

<Z/ flx,y) dT x 7(x,y)

E,, XFp,;

oo XX

HHI| F(o0) A, X T (20)

i=1 j=1k=1 C’\W,X#n
Ay joting o )ET

=0.
Hence, [,, f(x,y)dT x 7(x,y) = sup [, f(z,y)dT x 7(x,y) = 0, as desired where D
D
ranges over all measurable subsets of M with 7 x 7(D) finite. (]
Example 3.11. In general, Theorem 3.10 does not hold. Let (R, M) be a Lebesgue
measurable space. For a positive real number A, let uy be the Dirac measure on

(R, M). For a positive real number A with A # 1, let v be the zero measure on
(R, M), and let v; be the usual Lebesgue measure on (R, M). For E in M, let

(3.10) = sup Z“A and
A€EA
(3.11) v(E) = sup Zw\
A€EA

where A ranges over all finite subsets of R. Then p is the counting measure on
(R, M) and v is the Lebesgue measure on (R, M). Let A = {(z,z) | = is in R}.
Then A is measurable in the product space R x R, and

//XA(J%ZJ) dp x v(z,y) = +oo

RxR

supsupZZ//XAﬂ?des y) dui(x) =

teAseB
where A and B range over all finite subsets of R.

4. TRANSLATION IN WIENER SPACE

It is a well-known fact that if X is an infinite-dimensional vector space, there is
no nonzero quasi-invariant measure p on (X, Br) where R is a linear subspace of
the dual space of X and Bp is the smallest o-algebra on X in which every f in R
is measurable; that is, there is no nonzero measure p such that p(N) = 0 implies
uw(N +y) = 0 for all y in X [I5, Corollary 1, p. 142]. Since the Wiener space
Cola,b] with the supremum norm is a real separable infinite-dimensional Banach
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space, there is no nonzero quasi-invariant measure on Wiener space Cyla,b]. It is
natural to wonder how many y in Cp|a, b] exist such that 7(N) = 0 but 7(N+y) # 0.

Actually, Cameron showed in [2] that there is an 77;-measurable set E such that
E + y is not my-measurable for mi-a.e. y, and Johnson and Skoug, in their 1979
paper [§], raised the following open problems.

(1) Let E bein S. Is it true that £ + y is in S for s-a.e. y?

(2) Let N bein N. Is N +y in NV true for s-a.e. y?

Theorem 4.1. Let N be 7-null. Then N +vy and N —y are T-null for T-a.e. y.

Proof. Let N be 7-null. Consider a function ® : Cy|a, b] x Cyla,b] — Co[a, b] such
that ®(x,y) = x —y. Since N is 7-null, there is a Borel set N* in Cya, b] such that
N C N* and 7(N*) = 0. Because ® is continuous, ®~1(N*) is also a Borel subset
of Cyla, b] x Cyla,b]. Hence, by Theorem 2.1 and Theorem 3.10,

/ Xomi (e (@) dF x 7(z,y)
Co[a b]XCo[(L b]

— sup sup Z Z / Xo-1(n+) (T, y)dmy x M, (v, y)

)\EAHGB Co a b XCo[a b]

= sup sup >N /C XNy (@) diiy x T, (2, y)

)\EAMEB o(LbXCo[ab]

= sup sup Z Z X+ (2 dm\/m(z)

)\EAHGB Co a b
(4.1) =0

where A and B range over all finite subsets of positive real numbers. Hence, 7 x
7(®~1(N*)) = 0. By [1Z, Lemma 17, p. 306] for 7-a.e. y,

T2 (N)y) = T(N" +3) =0

where [A], means the y cross section of a set A. Since N C N*, we have that
T(N 4+ y) = 0 for T-a.e. y. Similarly, it follows that N — y is 7-null for 7-a.e. y,
which concludes the proof of Theorem 4.1. O

Theorem 4.2. If E is in T, then E+vy and E —y are in T for T-a.e. y.

Proof. Let E be in 7. Then there are two sets B and N such that B is in B, N
is 7-null, BN N = () and E = BU N. Trivially, B+ y and B — y are in B for all
y in Cyla,b], and by Theorem 4.1, N + y and N — y are 7-null for 7-a.e. y. Hence
E+y=(B+y)UN+y)and E—y=(B—y)U(N —y) arein 7 for T-a.e. y, as
desired. ]

Theorem 4.3. If f is a T-measurable function, then, for 7-a.e. y, f(x +y) and
flx —y) are T-measurable functions of x.

Proof. Let f be T-measurable. Then there is a sequence (@) of 7-simple functions
with 7(K§{) = 0 where K7 = {z in Cy[a, ] | the limit nlLH;o on(z) exists and equals
f(z)}. Let @ : Cypla,b] x Cyla, b] — Cy|a, b] be a function with ®(z,y) =z —y. By a
method similar to that used in the proof of Theorem 4.1, we can show that ®~1(KY)
is 7 x 7-null, and so for T-a.e. y, [®71(K¥)], is 7-null. Since if ¢, is 7-simple then
there is a 7-measurable subset K5 of Cyla, b] such that 7(K2) = 0 and ¢, (z + y) is
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also 7-simple for y in K> and [@ 71 (K¥)], = {z in Cp[a, b] | the limit lim @, (z+y)
n—oo

exists and equals f(z + y)}¢, it follows that f(z + y) is a 7-measurable function
of z for y in K7 N K§, and 7(K¢ U K») = 0. By a method similar to that used in
the proof of this theorem, it is not hard to prove that for 7-a.e. y, f(z —y) is a
7-measurable function of x, which concludes the proof of Theorem 4.3. O

Theorem 4.4. Let f : Cola,b] — R be nonnegative and T-measurable. Then
fCo[a b]x Colab] flz+y) dT x T(x,y) is either zero or infinite.

Proof. From Theorem 2.1 and Theorem 3.10, we have

/ f(a+y) dF x 7z, y)
Co[a,b]XCo[a,b]

— supsup / fla+y) dmy x (. )
A B ZZ Cola,b]x Cola,b] .

ANEApeEB
(4.2) —swpswp Y Y [ fe) dm (e)
A B g;g% Cola,b] At

where A and B range over all finite subsets of positive real numbers.
If fCo[a,b] f(z) dm\/m(z) is positive for some positive real numbers Ay and

po, then for all (A, p) in K = {(\,p) | /A2 +p2 = /N2 +u2, A>0and >0}
the integral fCo[a,b] f(2) dm\/m(z) is positive and K is uncountable; so

/ Fa+y) dF x 7(x,y)
Co[a,b] XCo[(L,b]
is infinite. O

5. THE CONVERSE MEASURABILITY THEOREM
AND THE WIENER INTEGRATION FORMULA

In this section, we will treat the converse measurability theorem and the Wiener
integration formula in the light of 7-measurability.
Throughout this section, we adopt the following notation:

(1) Let T = (t1,t2,-- ,tn) be a vector in R"™ with a =g < t1 <t2 < --- <t
<b.

(2) Let P : Cola,b] — R™ be a function with P4 (z) = ((t1), x(t2), -+, 2(tn)).

(3) For a positive real number A, let

o 7. = ondr [l -] F e - 555 =0
=1 =1 ¢ Vi=

(2

Theorem 5.1 (The converse measurability theorem). Let E be a subset of R™. The
following statements are equivalent:

(1) E is Lebesgue measurable.

(2) P_tTl(E) is T-measurable.

(8) For any positive real number \, P_;l(E) is my-measurable, that is, P%l(E)
isin S.
Proof. Let E be a Lebesgue measurable set in R™. Then we can write E = BUN
where B is a Borel measurable set in R™, N is a Lebesgue null set and BN N = 0.
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Since P is continuous, P%l(B) is Borel measurable. Also, there is a Borel null
subset N* of R™ such that N C N*. Then, for any positive real number A,

ma(P7} (V%) = m(APEH(N")) = ma (PEH (A7)
= / X1 (Ur, Uy, Up) Wn(1,7,7) dmL(ﬂ’)
(5.1) =0,

which implies that P%l(N*) is 7-null. Since P;(N) C P%l(N*) and P?‘l(E) =
P?_l(B) U P?_l(N), P?_l(E) is 7-measurable. Hence (1) implies (2). It is clear that

(2) implies (3). By the classical converse measurability theorem [5], we know that
(3) implies (1). O

Theorem 5.2 (The Wiener integration formula). Let f : R — R be a function.
Then the following statements are equivalent:

(1) f is Lebesque measurable.

(2) fo Py is T-measurable.

(8) fo Py is S-measurable.

Furthermore, if any one of the conditions (1), (2), or (3) holds, then for any
positive real number A,

[ foPp@ dm@) = [ foP;(w) dms()
Cola,b] C

= [ fu) Wa(1, T, 0) dm ()

(5.2) = fO2W) W\ €, W) dmi(W)

R’n
where if any one of the four integrals in equation (5.2) is defined, whether finite or
infinite, then each of the other three integrals is also defined and equality holds.

Proof. Let E be a Lebesgue measurable set in R” and let f(u) = xz(w). Then we
can write E = BUN where B is a Borel subset of R”, N is a Lebesgue null set and
BN N ={. By the proof of Theorem 5.1, P?_l(N) is 7-null. Since P?_l(B) is Borel,

trivially, fo Py () = XP;(B)(x) + Xp=t(n) (x) is T-measurable. We assume that f

n

is simple, say f = > a;xp, where the a; (i =1,2,---,n) are real numbers and the
i=1

E; (i=1,2,---,n) are pairwise disjoint Lebesgue measurable sets in R™. Then

clearly f o P3(x) = ‘iaiXPgl(Ei)(l‘) is 7-measurable. Now, let f be an arbitrary
measurable function Zo:nl R"™. rtl“hen there is a sequence (p,,) of simple functions such
that (p,) converges to f, mr-a.e. Let K = {% in R™ | the limit lim o, (%) exists
and lim on(W) = f()}. Then K¢ is Lebesgue null and {z in 8:[2), b] | the limit
nlinéorg;noz P () exists and nlingown o Pp(r) = foPyp(z)} = P?_l(KC). By the
proof of Theorem 5.1, P%I(KC) is 7-null. So for all natural numbers n, ¢, o Py is

7T-measurable and P%I(K ) is 7-null. Hence f o P is 7-measurable. So the proof
of “(1) implies (2)” is finished. It is trivial that (2) implies (3) by Theorem 3.8. To
prove that (3) implies (1), we assume that f o Py is S-measurable. Then, for any
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Borel subset B of R, (f o P3)"'(B) = P%l(f_l(B)) is m1-measurable. Hence, by

the converse measurability theorem [5], f ~!(B) is Lebesgue measurable, as desired.
By the classical Wiener integration formula [7] and the change of variables, we can
show that the equalities in (5.2) hold. O

Remark 5.3. Let M(T) be the set of all 7-measurable functions F of the form
F = go P3 on Cola, b] where g is a complex-valued function on R, and let M(mr,)
be the set of all mp-measurable functions on R™. For F' in M(7) let

[Fl- = {G in M(7)| G~ F},
and for f in M(myg) let

flme = {g iIn M(mp)|g=f mr-ae}.

Let T : M(mr) — M(T) be a function with T'(f) = f o P». By the elementary
theory of measure, one can check easily that the following statements hold.

(1) T is bijective.

(2) If f =g mr-ae in M(mp), then T(f) ~ T(g); that is, if [f]m, = [9]my,
then [T'(f)]z = [T'(g)]=-

(3) If T(f) = T(g), then f = g mp-ae.; that is, if [T(f)]> = [T(g)]>, then
[flme = [9]m.-

Remark 5.4. Let p be a given real number with 1 < p < 400 and let A be a positive
real number. Let £,(7,)) be the space of functions F' of the form F' = go P on
Cola, b] where g is a complex-valued function on R™ such that F' is in M(7) and

[fCo[a.b] |F'|P dmk]% =[| F ||z, (z,») is finite. Let px be a measure on R™ such that the
Radon-Nikodym derivative d’“L exists and 2 (7)) = Wn(/\,?,ﬂ)). Let £,(pa)

dm dmy,
be the space of Lebesgue measurable functions f on R™ such that || f ||,

p(a) =
[Jgn [f (a1, un) [P dp(ug, - - - ,un)]% is finite. Let M) : R™ — R™ be a function
with M)(W) = A4 (that is, My(u1,u2, - ,un) = (Aug, Mg, -+, Auy)), and let
My : Cyla,b] — Cyla,b] be a function with My(z) = Axz. Let G be an operator
from L£,(p1) into £,(pr-2) given by Ga(f) = f o My, let Hy be an operator from
L,(7,1) into L,(7,A71) given by Hx(F) = F o My, let T be an operator from
Ly(p1) into L,(7,1) with T'(f) = f o P, and let T' be an operator from L, (u)—2)
into L,(7,A™') with T'(f) = f o P». Then, by the elementary theory of measure,
we can find that the following statements hold.

(1) The operators Gy, Hy, T and T are all well defined, and their semi-operator
norms are equal to one.

(2) f=g p-ae. ifand only if f =g pr-a.e.

(3) f =g pi-ae. if and only if T(f) =~ T(g) .

(4) f =g pr-ae. if and only if %(f) ~ %(9) :
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(5) HyoT = To G ; that is, the diagram

Lp(p) —— Ly(7,1)

o [

Lp(r—2) —— L7, A1)

commutes.

6. FOURIER-FEYNMAN TRANSFORM AND T-MEASURABILITY

Brue, in his Ph.D. thesis [T], written under the direction of Cameron, introduced
the concept of a Fourier-Feynman transform. Since then, Fourier-Feynman trans-
forms have been studied by Cameron, Storvick, Johnson, Skoug, Park, and many
others; see [T} p. 636] for additional references. Because of measurability problems,
all of the functions F' on Cpla,b] and all of the functions f on R™ considered in
[4], [9] were assumed to be Borel measurable; also see [8, pp. 170-171] for further
discussion. In this section we will extend various results in [4], [9], in particular,
Theorem 0.1, Theorem 1.1, and Theorem 2.1 of [9], to the case where the functions
F on Cya, b] are T-measurable and the functions f on R™ are Lebesgue measurable.

Definition 6.1. Let p be a given number with 1 <p < 2. Let H, (n=1,2,...)
and H be T-measurable functions on Cyla,b]. We say that H is the 7-limit in the
mean of order p’ of H, over Cyla,b] provided that for each p > 0,

(6.1) lim |Ho(py) = H(py)[”" dm (y) = 0.

n=00 J Gy a,b)

Then we write

(6.2) lim (WP )H, ~ H

n—oo
and we call H the 7-limit in the mean of order p’ of H,, over Cyla, b]. A similar def-
inition is understood when n is replaced by a continuously varying parameter. Let

g be a nonzero real number. We define the Ly,-analytic Fourier-Feynman transform
of F, denoted by Tq(p)(F), by the formula

(6.3) D)) = lim (WE)TA(E))

for 1 < p < 2 whenever this limit exists. We define the Lj-analytic Fourier-

Feynman transform of F, which we denote by Tq(l)(F ), as the functional (if it
exists) on Cyla, b] such that

(6.49) FOF)y) = lim Ty(F)(y)
A€C+q
for T-a.e. y.

Definition 6.2. Let n be a natural number andlet a = tp <t1 <to <--- < t, <b.
For 1 <p<2 let Zflp) be the space of functions F' of the form

(6.5) Fx) = fz(t),z(t2), -, 2(tn))

7-a.e. where f is an element of L,(R"™).
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Let p be a real number with 1 < p < 2, and let ¢ be a nonzero real number.
Let M(7T) be the space of all 7-measurable functionals on Cyla,b] and let MF(T)
be the space of all 7-measurable functionals F' on Cyla,b] such that there exists

a Fourier-Feynman transform Tq(p )(F) of F. Then, by the Minkowski inequality,

linearity of T and the properties of limit, we can easily check that Tq(p ) is a linear
transformation from MJF(7) into M (7).

From Definitions 6.1 and 6.2, we can prove the next theorem, which is the coun-
terpart to Theorem 0.1 in [9].

Theorem 6.3. Let g be a nonzero real number and let 1 < p < 2 be given. Lel

Fy and Fy be T-measurable on Cyla,b] such that F; ~ F5. Then the following
statements hold.

(1) Fi(-+y) & Fy(- +y) for 7-ae. y.
(2) If, for T-a.e. y, Ta(F1)(y) exists for A in Cy, then, for T-a.e. y, Ta(F2)(y)

)
exists for X in Cy and Ta(F1) = T (F3).
(3) If Tq(p) (F1) exists, then Tq( (Fy) exists and Tq(p)(Fl) ~ Tq(p)(Fg).

@ﬁ

Z‘\I

Proof. Let F' = Fy — F5 and N = {z in Cy[a,b] | F(x) # 0}. Then N is 7-
null. By Theorem 4.1, for 7-a.e. y, N —y = {x — y in Cyla,b] | F(x) # 0} = {z in
Cola,b] | F(z+y) # 0} is 7-null; hence we have proved statement (1). By statement
(1) in this theorem, for 7-a.e. y and for all positive real number A,

(6.6) / Fi(A" 2z +y) dmy(z) :/ F(\ 2z +y) dm(2).
Cola,b] Cola,b]

Defining N1 = {y in Cola,b] | Ta(F1)(y) does not exist for A in Cy} and Ny = {y
in Cola,b] | Ta(F1)(y) exists but the equality (6.6) fails}, we see that Ny U Ny is
7-null and for y in (N1 U N3)€ the equality (6.6) holds, which implies that for 7-a.e.
y, Ta(F2)(y) exists for X in C; and Th(Fy) ~ T (F), as desired.

To prove statement (3), we will need to consider two cases: (a) p = 1 and (b)
l<p<2.

(a) Let N3 = {y in Cyla,b] | Ta(F1)(y) # Ta(F2)(y) for XA in C4} and Ny = {y
in Cyla,b] | Tq(l)(Fl)(y) does not exist}. Then N3 U Ny is 7-null and, for y in
(N3 U N4)Ca

(6.7) T3V (F)(y) = Jim, Th(Fu)(y) = lim Ti(F2)(y) = T30 (Fo)(y),

which implies that the L;-Fourier-Feynman transform Tq(l)(Fg)(y) of Fy exists T-
TR
g (F2).

a.e. y and Tq(l)(Fl) =
(b) Let N5 = {y in Cyla,b] | Tq(p)(Fl)(y) is not well-defined}. Then N3 U Nj is
Fnull. Letting 77 (Fo)(y) = TP (Fy)(y) on (N3 U N5)® and T3 (Fy)(y) = 0 on
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N3 U N5, we get Tq(p)(Fl) Z Tq(p)(FQ) and, for all positive real numbers p,

lim | (T (F2) — TP (F2)(py) [P dim (y)
Azcta ) colanb)
:
= lim | T\ () (py) — TP (F2) (py) [P dia (y)
;E_:q Co[a,b]\(NgUNE,)
= lim | Ta(F1) (py) — TP (F2) (py) P dima (y)
A 2eia ) Cola,b)\(NsUNs)
“+
= lim | Ta (1) (py) = TP (F2)(py) [P dm (y)
ec 4 Cola,b]
K
(6.8) =0.
Hence, we have
(6.9) TP(Fy) ~ lim (WE)Tx(F),
Aec_iq
as desired. 0

Using Theorem 6.3, we can improve Theorems 1.1 and 1.2 in [9] as follows.

Theorem 6.4. Let 1 < p < 2 and let q be a non-zero real number. Let F in Xflp)
be given by (6.5). Then:
(1) The L,-analytic Fourier-Feynman transform of F, namely Tq(p)(F), exists,

s in Zﬁf’) and is given by the formula
(6.10) TO(F) &~ (K_if).
(2) For each p > 0,

(6.11) lim | T5TX(F)(py) — F(py) [P dmi(y) = 0.

/\;aq Cola,b]

(3) Ts T\(F) — F T-a.e. as A — —iq through C,..
Proof. Using the above Theorem 5.2 and Lemmas 1.1-1.3 in [9], we can prove
statements (1) and (2) by the same method as in the proofs of Lemmas 1.1-1.3
in [9] if we replace Borel measurability by Lebesgue measurability and the concept
of s-a.e. by the concept of T-a.e. By statement (1) in this theorem, we know that
T\(F) and T5 Tx(F) are in .71553) for A in C4, and by Theorem 5.2, Tx(F') and
T5 TA(F) are all 7-measurable. Hence, putting N = {y in Cyla,b] | the limit
)\limA T5 Ta(F)(y) does not converge to F'(y)}, we see that N is 7-measurable. By
——iq

AeCy
statement (3) in Lemma 1.3 in [9], we know that pN is m;-null for all positive real
numbers p. Therefore, NV is 7-null, as desired. O
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